In the first paper of this series we studied on a compact regular contact manifold the integral of the Ricci curvature in the direction of the characteristic vector field considered as a functional on the set of all associated metrics. We showed that the critical points of this functional are the metrics for which the characteristic vector field generates a 1-parameter group of isometries and conjectured that the result might be true without the regularity of the contact structure. In the present paper we show that this conjecture is false by studying this problem on the tangent sphere bundle of a Riemannian manifold. In particular the standard associated metric is a critical point if and only if the base manifold is of constant curvature +1 or -1 ; in the latter case the characteristic vector field does not generate a 1-parameter group of isometries.
Introduction
In the first paper in this series [3] we proved the following result.
THEOREM. Let M be a compact regular contact manifold and s/ the set of associated metrics. Let £ denote the characteristic vector field of the contact structure. Then g € s/ is a critical point of the functional L{g) -J M Ric(i)dV on sf if and only if £ generates a I-parameter group of isometries of g.
Recall that a contact manifold is said to be regular if every point has a neighborhood such that any integral curve of £ passing through the neigh-190 David E. Blair [2] borhood passes through only once. The celebrated theorem of Boothby and Wang [5] states that a compact regular contact manifold is a principal circle bundle over a symplectic manifold of integral class. At first the author conjectured that the above theorem might still be true without the assumption on the regularity of the contact structure. This is not the case, however, as we shall see. For brevity a contact metric structure for which <{; is a Killing vector field is called a K-contact structure. First recall the result of [12] that the standard contact metric structure on the tangent sphere bundle T X M of a Riemannian manifold {M, G) is AT-contact if and only if (M, G) has constant curvature + 1 . Also recall the result of [2] that the standard contact structure on the tangent sphere bundle of a compact Riemannian manifold of nonpositive constant curvature is not regular. In this paper we prove the following theorem. 2 dV. This last integral was studied by Chern and Hamilton [7] for 3-dimensional contact manifolds as a functional on $f regarded as the set of "CR-structures" on M and was studied again by Tanno [11] in general dimension.
Contact manifolds
By a contact manifold we mean a C°° manifold M " +1 together with a global 1-form r\ such that r\ A {dr\) n ^ 0. Given a contact form rj it is well known that there exists a unique vector field £ on M satisfying dt](£, X) = 0 and rj{£,) = 1; £ is called the characteristic vector field of the contact structure. A Riemannian metric g is said to be an associated metric if there exists a tensor field (p of type (1, 1) such that dr\{X, Y) = g(X, q>Y), (p [3] Critical associated metrics 191 refer to (<p, £, rj, g) as a contact metric structure. We also note that all associated metrics have the same volume element, namely
For a contact metric structure {q>, £,, rj, g), let h = \&*<p as above and let V denote the Riemannian (Levi-Civita) connection of g. Then Since n tc oj = -K and KoJ = n t , ~g is Hermitian for the almost complex structure / .
On TM define a 1-form £ by p{X) t = G(t, n t X), t e TM, or equivalently by the local expression 0 -J2G t jV l dq J . Then dp is a symplectic structure on TM and in particular Id /? is the fundamental 2-form of the almost Hermitian structure {J ,~g). Thus TAf has an almost Kaehler structure which is Kaehlerian if and only if (M, G) is flat (Dombrowski [8] , Tachibana and Okumura [10] 
Proof of the theorem
In the course of the proof we will use the following lemma of Cartan [6, pages 257-258].
LEMMA. Let {M, G) be a Riemannian manifold, D the Riemannian connection of G and R its curvature tensor. Then (M, G) is locally symmetric if and only if (D X R)(Y, X, Y, X) = 0 for all orthonormal pairs {X, Y).
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032675
Now turning to the proof of the theorem, let V denote the Riemannian connection of g on T t M and compute V^ by both (1) and (2) Applying <p we obtain (6) hU t = U t -(R KU jf.
Similarly using (3) we have for a horizontal vector X orthogonal to
In [3] we showed that an associated metric g was a critical point of L(g) if and only if
Now for a vertical vector U we compute the left side using (4) and the Gauss equation and the right side using (6) 2 = I and hence that the eigenvalues of L t are ± 1. Now M is irreducible; for if M had a locally Riemannian product structure, then, choosing t tangent to one factor and X tangent to the other, we would have R Xt t = 0, contradicting the fact that the only eigenvalues of L t are ± 1 . However the sectional curvature of an irreducible locally symmetric space does not change sign. Thus if for some t, L t had both +1 and -1 occurring as eigenvalues, there would be sectional curvatures equal to +1 and -1 . Consequently only one eigenvalue can occur and hence (M, G) is a space of constant curvature +1 or -1 .
Conversely if (M, G) has constant curvature c, equations (6) and (7) become, respectively, hU t = (1 -c)U t and hX t = (c -1 )^, where X is orthogonal to £. Similarly equations (4) and (5) Thus Yl a 2j-i^2j * s a non-increasing, non-constant function along the integral curve, contradicting its periodicity.
